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a b s t r a c t
The first Zagreb index M1(G) and the second Zagreb index M2(G) of a (molecular) graph
G are defined as M1(G) = ∑u∈V (G)(d(u))2 and M2(G) = ∑uv∈E(G) d(u)d(v), where
d(u) denotes the degree of a vertex u in G. The AutoGraphiX system [M. Aouchiche,
J.M. Bonnefoy, A. Fidahoussen, G. Caporossi, P. Hansen, L. Hiesse, J. Lacheré, A. Monhait,
Variable neighborhood search for extremal graphs. 14. The AutoGraphiX 2 system, in:
L. Liberti, N. Maculan (Eds.), Global Optimization: From Theory to Implementation,
Springer, 2005; G. Caporossi, P. Hansen, Variable neighborhood search for extremal graphs:
1 The AutoGraphiX system, Discrete Math. 212 (2000) 29–44; G. Caporossi, P. Hansen,
Variable neighborhood search for extremal graphs. 5. Three ways to automate finding
conjectures, Discrete Math. 276 (2004) 81–94] conjectured that M1/n ≤ M2/m (where
n = |V (G)| andm = |E(G)|) for simple connected graphs. Hansen andVukičević [P. Hansen,
D. Vukičević, Comparing the Zagreb indices, Croat. Chem. Acta 80 (2007) 165–168] proved
that it is true for chemical graphs and it does not hold for all graphs. Vukičević and Graovac
[D. Vukičević, A. Graovac, Comparing Zagreb M1 and M2 indices for acyclic molecules,
MATCH Commun. Math. Comput. Chem. 57 (2007) 587–590] proved that it is also true for
trees. In this paper, we show that M1/n ≤ M2/m holds for graphs with ∆(G) − δ(G) ≤ 2
and characterize the extremal graphs, the proof of which implies the result in [P. Hansen,
D. Vukičević, Comparing the Zagreb indices, Croat. Chem. Acta 80 (2007) 165–168].We also
obtain the result thatM1/n ≤ M2/m holds for graphs with∆(G)−δ(G) ≤ 3 and δ(G) 6= 2.
© 2009 Published by Elsevier B.V.
1. Introduction
Amolecular graph is a representation of the structural formula of a chemical compound in terms of graph theory, whose
vertices correspond to the atoms of the compound and edges correspond to chemical bonds. For a (molecular) graph G, the
first Zagreb indexM1(G) and the second Zagreb indexM2(G) are defined in [7] as
M1(G) =
∑
u∈V (G)
(d(u))2, M2(G) =
∑
uv∈E(G)
d(u)d(v),
where d(u) denotes the degree of the vertex u of G. The research background of the Zagreb index together with its
generalization appears in chemistry or mathematical chemistry. The readers are referred to the literature [2,5,6,9–12]
and the references therein.
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A natural issue is to compare the values of the Zagreb indices on the same graph. Observe that, for general graphs, the
order of magnitude of M1 is O(n3) (n vertices and degrees in O(n), squared) while the order of magnitude of M2 is O(n4)
(m = O(n2) edges and degrees in O(n), squared). This suggests comparingM1/nwithM2/m instead ofM1 andM2.
Use of the AutoGraphiX system [1,3,4] led to the following conjecture:
Conjecture 1.1. For all simple connected graphs G:
M1(G)/n ≤ M2(G)/m
and the bound is tight for complete graphs.
Hansen and Vukičević [8] proved it is true for chemical graphs and it does not hold for all general graphs. Vukičević and
Graovac [13] proved that it is also true for trees.
We find that themethod used in [8] can be generalized. In this paper, we show that it holds for graphswith∆(G)−δ(G) ≤
2 and characterize the extremal graphs by using the generalized method of Hansen and Vukičević. Therefore, the proof of
our main theorem implies the result in [8]. We also have that M1/n ≤ M2/m holds for graphs with ∆(G) − δ(G) ≤ 3 and
δ(G) 6= 2.
First we introduce some graph notations used in this paper. We only consider finite, undirected and simple graphs. If
xy ∈ E(G), we say that y is a neighbor of x and denote by NG(x) the set of neighbors of x. dG(x) = |NG(x)| is called the degree
of x. We denote by∆(G) and δ(G) the maximum and minimum degrees, respectively, of vertices of G. If∆(G) ≤ 4, then G is
called a chemical graph. The star graph Sn is a tree on n vertices with one vertex having degree n− 1 and the other vertices
having degree 1. A graph G is k-regular if d(v) = k for all v ∈ V (G).
We denote the number of vertices of degree i in G by ni and the number of edges that connect vertices of degree i and j
bymij, where we do not distinguishmij andmji.
2. Main results
Theorem 2.1. If G is a graph with n vertices, m edges and∆(G)− δ(G) ≤ 2, then
M1(G)/n ≤ M2(G)/m,
with the equality holds if and only if all edges ij have the same pair (di, dj) of degrees.
Proof. For simplicity, let δ(G) = p and N = {p, p+ 1, p+ 2}. On the one hand, we have
M1(G)
n
=
∑
v∈V (G)
(d(v))2∑
i∈N
ni
=
∑
i∈N
ni · i2
∑
i∈N
mii+
∑
j∈N
mij
i
=
∑
i∈N
(
mii+
∑
j∈N
mij
i · i2
)
∑
i≤j
mij ·
(
1
i + 1j
)
=
∑
i∈N
((
mii +∑
j∈N
mij
)
· i
)
∑
i≤j
mij ·
(
1
i + 1j
) =
∑
i≤j
mij · (i+ j)∑
i≤j
mij ·
(
1
i + 1j
) ,
One the other hand, we have
M2(G)
m
=
∑
uv∈E(G)
(dG(u)dG(v))
m
=
∑
i≤j∈N
mij · i · j∑
i≤j∈N
mij
.
If we want to proveM1(G)/n ≤ M2(G)/m, then we only need to prove∑
i≤j
mij · (i+ j)∑
i≤j
mij ·
(
1
i + 1j
) ≤
∑
i≤j∈N
mij · i · j∑
i≤j∈N
mij
,
or equivalently∑
i≤j
mij · (i+ j)∑
k≤`
mk` ·
( 1
k + 1`
) ≤
∑
i≤j∈N
mij · i · j∑
k≤`∈N
mk`
.
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Hence[∑
i≤j∈N
mij · i · j
][∑
k≤`
mk` ·
(
1
k
+ 1
`
)]
−
[∑
i≤j
mij · (i+ j)
][ ∑
k≤`∈N
mk`
]
≥ 0
and ∑
i≤j,k≤`
i,j,k,`∈N
[(
i · j ·
(
1
k
+ 1
`
)
− i− j
)
·mij ·mk`
]
≥ 0.
Collecting in the same summand the cases where roles of (i, j) and (k, `) are reversed, we have
∑
i≤j,k≤`
{i,j},{k,`}∈N2
[(
i · j ·
(
1
k
+ 1
`
)
+ k · ` ·
(
1
i
+ 1
j
)
− i− j− k− `
)
·mij ·mk`
]
≥ 0
and ∑
i≤j,k≤`
{i,j},{k,`}∈N2
[
(i2j2`+ i2j2k+ k2`2j+ k2`2i− i2jk`− ij2k`− ijk2`− ijk`2) · mij ·mk`
i · j · k · `
]
≥ 0.
Now we only need to show
f (i, j, k, `) = i2j2`+ i2j2k+ k2`2j+ k2`2i− i2jk`− ij2k`− ijk2`− ijk`2 ≥ 0
for each {i, j}, {k, `} ⊆ N2. The values of f (i, j, k, `) are given in the following tables. We can see that all entries are non-
negative for each {i, j}, {k, `} ⊆ N2.
{k, `} {i, j}
{p, p} {p, p+ 1} {p, p+ 2} {p, p+ 3}
{p, p} 0 p3 4p3 9p3
{p, p+ 1} p3 0 p3 4p3
{p, p+ 2} 4p3 p3 0 p3
{p, p+ 3} 9p3 4p3 p3 0
{p+ 1, p+ 1} 2p(1+ 3p+ 2p2) (1+ p)3 2(1+ p) 3− p− 3p2 + p3
{p+ 1, p+ 2} p(8+ 18p+ 9p2) 4(1+ p)3 (2+ p)3 4(3+ 2p)
{p+ 1, p+ 3} 2p(9+ 18p+ 8p2) 9(1+ p)3 18+ 30p+ 18p2 + 4p3 (3+ p)3
{p+ 2, p+ 2} 16p(2+ 3p+ p2) 16+ 44p+ 36p2 + 9p3 4(2+ p)3 48+ 44p+ 12p2 + p3
{p+ 2, p+ 3} p(72+ 90p+ 25p2) 4(9+ 24p+ 18p2 + 4p3) 9(2+ p)3 4(3+ p)3
{p+ 3, p+ 3} 18p(9+ 9p+ 2p2) 81+ 207p+ 135p2 + 25p3 162+ 234p+ 108p2 + 16p3 9(3+ p)3
{k, `} {i, j}
{p+ 1, p+ 1} {p+ 1, p+ 2} {p+ 1, p+ 3}
{p, p} 2p(1+ 3p+ 2p2) p(8+ 18p+ 9p2) 2p(9+ 18p+ 8p2)
{p, p+ 1} (1+ p)3 4(1+ p)3 9(1+ p)3
{p, p+ 2} 2(1+ p) (2+ p)3 18+ 30p+ 18p2 + 4p3
{p, p+ 3} 3− p− 3p2 + p3 4(3+ 2p) (3+ p)3
{p+ 1, p+ 1} 0 (1+ p)3 4(1+ p)3
{p+ 1, p+ 2} (1+ p)3 0 (1+ p)3
{p+ 1, p+ 3} 4(1+ p)3 (1+ p)3 0
{p+ 2, p+ 2} 12+ 26p+ 18p2 + 4p3 (2+ p)3 2(2+ p)
{p+ 2, p+ 3} 35+ 71p+ 45p2 + 9p3 4(2+ p)3 (3+ p)3
{p+ 3, p+ 3} 16(6+ 11p+ 6p2 + p3) 105+ 143p+ 63p2 + 9p3 4(3+ p)3
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Fig. 1. Counterexample for δ(G) = 2.
{k, `} {i, j}
{p+ 2, p+ 2} {p+ 2, p+ 3} {p+ 3, p+ 3}
{p, p} 16p(2+ 3p+ p2) p(72+ 90p+ 25p2) 18p(9+ 9p+ 2p2)
{p, p+ 1} 16+ 44p+ 36p2 + 9p3 4(9+ 24p+ 18p2 + 4p3) 81+ 207p+ 135p2 + 25p3
{p, p+ 2} 4(2+ p)3 9(2+ p)3 162+ 234p+ 108p2 + 16p3
{p, p+ 3} 48+ 44p+ 12p2 + p3 4(3+ p)3 9(3+ p)3
{p+ 1, p+ 1} 12+ 26p+ 18p2 + 4p3 35+ 71p+ 45p2 + 9p3 16(6+ 11p+ 6p2 + p3)
{p+ 1, p+ 2} (2+ p)3 4(2+ p)3 105+ 143p+ 63p2 + 9p3
{p+ 1, p+ 3} 2(2+ p) (3+ p)3 4(3+ p)3
{p+ 2, p+ 2} 0 (2+ p)3 60+ 74p+ 30p2 + 4p3
{p+ 2, p+ 3} (2+ p)3 0 (3+ p)3
{p+ 3, p+ 3} 60+ 74p+ 30p2 + 4p3 (3+ p)3 0
With the equality holds if and only if f (i, j, k, `) = 0 for all mij · mk` > 0, which means all edges ij have the same pair
(di, dj) of degrees. This completes the proof of this theorem. 
Let G∗ denote the graphs with each edge connecting a 3-degree vertex and a 6-degree vertex.
Theorem 2.2. If G is a graph with n vertices and m edges such that ∆(G)− δ(G) ≤ 3 and δ(G) 6= 2, then
M1(G)/n ≤ M2(G)/m,
with the equality holds if and only if all edges ij have the same pair (di, dj) of degrees or if the graph is composed of disjoint stars
S5 and cycles of any length or if the graph is composed of disjoint G∗ and 4-regular graphs.
Proof. In the proof of Theorem2.1, we find that the values of f (i, j, k, `) in the tables are non-negative for each {i, j}, {k, `} ⊆
{p, p+ 1, p+ 2, p+ 3}2 if p 6= 2.
With the equality holds if and only if f (i, j, k, `) = 0 for all mij · mk` > 0, which means all edges ij have the same pair
(di, dj) of degrees or if the graph is composed of disjoint stars S5 and cycles of any length (p = 1) or if the graph is composed
of disjoint G∗ and 4-regular graphs (p = 3). 
When δ(G) = 2, we have the following counterexample (see Fig. 1).
M1(G)
n
= 25× 2+ 4× 5+ 9× 4
11
= 106
11
= 9.6363636 · · ·
M2(G)
m
= 10× 10+ 9× 6
16
= 154
16
= 9.625.
So we have M1(G)n >
M2(G)
m .
Corollary 2.3 ([8]). If G is a chemical graph with n vertices and m edges, then
M1(G)/n ≤ M2(G)/m,
with the equality holds if and only if all edges ij have the same pair (di, dj) of degrees or if the graph is composed of disjoint stars
S5 and cycles of any length.
Proof. In the proof of Theorem2.1, we find that the values of f (i, j, k, `) in the tables are non-negative for each {i, j}, {k, `} ⊆
{p, p+ 1, p+ 2, p+ 3}2 if p = 1. In fact, since∆(G) = p+ 3 ≤ 4 and δ(G) = p ≥ 1, we have p = 1. 
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